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Abstract
We study scalar perturbations of a recently found 3+1-dimensional FLRW quan-
tum space-time solution in Yang-Mills matrix models. In particular, the linearized
Schwarzschild metric is obtained as a solution. It arises from a quasi-static would-be
massive graviton mode, and slowly decreases during the cosmic expansion. Along
with the propagating graviton modes, this strongly suggests that 3+1 dimensional
(quantum) gravity emerges from the IKKT matrix model on this background. For
the dynamical scalar modes, non-linear effects must be taken into account. We ar-
gue that they lead to non-Ricci-flat metric perturbations with very long wavelengths,
which would be perceived as dark matter from the GR point of view.
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1 Introduction
The starting point of this paper is a recent solution of the IKKT-type matrix models with mass
term [1], which is naturally interpreted as 3+1-dimensional cosmological FLRW quantum space-
time. It was shown that the fluctuation modes around this background include spin-2 metric
fluctuations, as well as a truncated tower of higher-spin modes which are organized in a higher-
spin gauge theory. The 2 standard Ricci-flat massless graviton modes were found, as well as some
additional vector-like and scalar modes whose significance was not fully clarified.
The aim of the present paper is to study in more detail the metric perturbations, and in particular
to see if and how the (linearized) Schwarzschild solution can be obtained. We will indeed find such
a solution, which is realized in the scalar sector of the linearized perturbation modes exhibited
in [1]. This means that the model has a good chance to satisfy the precision solar system tests
of gravity. We will also elaborate and discuss in some detail the extra scalar mode, which is not
present in GR. This seems to provide a natural candidate for apparent dark matter.
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Since the notorious problems in attempts to quantize gravity arise primarily from the Einstein-
Hilbert action, is is very desirable to find another framework for gravity, which is more suitable
for quantization. String theory provides such a framework, but the traditional approach using
compactifications leads to a host of issues, notably lack of predictivity. This suggests to use matrix
models as a starting point, and in particular the IKKT or IIB model [2], which was originally
proposed as a constructive definition of string theory. Remarkably, numerical studies in this non-
perturbative formulation provide evidence [3–5] that 3+1-dimensional configurations arise at the
non-perturbative level, tentatively interpreted as expanding universe. However, this requires a
new mechanism for gravity on 3+1-dimensional non-commutative backgrounds as in [1], which
does not rely on compactification. The present paper provides further evidence and insights for
this mechanism.
The (linearized) Schwarzschild metric is clearly the benchmark for any viable theory of gravity.
There has been considerable effort to find noncommutative analogs of the Schwarzschild metric
from various approaches, leading to a number of proposals [6–9] and references therein, cf. also
[10]; however, none is truly satisfactory. The proposals are typically obtained by some ad-hoc
modification of the classical solution, without any intrinsic role of noncommutativity, which is
put in by hand. In contrast, the quantum structure (or its semi-classical limit) plays a central
role in the present framework. Our solution is a deformation of the noncommutative background
which respects an exact SO(3) rotation symmetry, even though there are only finitely many d.o.f.
per unit volume. The solution has a good asymptotics at large distances, allowing superpositions
corresponding to arbitrary mass distributions. In fact we obtain generic quasi-static Ricci-flat
linearized perturbations, which complement the Ricci-flat propagating gravitons found in [1].
This realization of the (linearized) Schwarzschild solution is remarkable and may seem surprising,
because the action is of Yang-Mills type, and no Einstein-Hilbert-like action is required1. This
means that the theory has a good chance to survive upon quantization, which is naturally defined
via integration over the space of matrices. The IKKT model is indeed well suited for quantization,
and quite clearly free of ghosts and other obvious pathologies. It is background-independent in
the sense that it has a large class of solutions with different geometries, and defines a gauge theory
for fluctuations on any background.
The price to pay is a considerable complexity of the resulting theory. As explained in [1, 15] the
background leads to a higher-spin gauge theory, with a truncated tower of higher spin modes,
and many similarities with (but also distinctions from) Vasiliev theory [16]. Since space-time
itself is part of the background solution, it is not unreasonable to expect Ricci-flat deformations,
cf. [17–19]. However, Lorentz invariance is very tricky on noncommutative backgrounds. In the
present case the space-like isometries SO(3, 1) of the k = −1 FLRW space-time are manifest,
but invariance under (local) boosts is not. Nevertheless, the propagation of all physical modes
is governed by the same effective metric. In particular, the concept of spin has to be used with
caution, and would-be spin s modes decompose further into sectors governed by the space-like
SO(3, 1) isometry. The tensor fields are accordingly characterized by the transformation under the
local SO(3) stabilizer group, and the term “scalar modes” is understood in this sense throughout
1It is well-known that gravity can be obtained from a Yang-Mills-type action by imposing constraints, cf. [11–13].
However this essentially amounts to a reformulation of classical GR, and the usual problems are expected to arise
upon quantization. In contrast, we do not impose any constraints on the Yang-Mills action. Nevertheless, quantum
effects are expected to induce Einstein-Hilbert-like terms in the quantum effective action, as discussed in [1]. This
may play an important role here as well, but we focus on the classical mechanism. Another interesting possibility
was proposed in [14], which has some similarities to the present mechanism but appears to have some issues.
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the paper. However this complication is in fact helpful to identify physical degrees of freedom in
the physical sector, and to understand the absence of ghosts.
Let us describe the new results in some details. We focus on the scalar fluctuation mode which
was found in [1], and elaborate the associated metric fluctuations. The main result is that there
is a preferred “quasi-static” vacuum solution which leads to the linearized Schwarzschild metric
on the FRW background. This strongly suggests that a near-realistic gravity emerges on the
background, however only the vacuum solution is considered here. Quasi-static means that the
solution is static on local scales at late times, but slowly decays on cosmic scales, in a specific way.
This is a somewhat unexpected result, whose significance is not entirely clear. The quasi-static
solution is singled out because all other solutions lead to a large diffeo term, which makes the
linearized treatment problematic. Hence the Schwarzschild solution is the “cleanest” case, while
the generic dynamical scalar modes require non-linear considerations somewhat reminiscent of
the Vainshtein mechanism [20]. We offer a heuristic way to understand them, which points to
the intriguing - albeit quite speculative - possibility that these non-Ricci-flat scalar modes might
provide a geometrical explanation for dark matter at galactic scales.
Along the way, we also find the missing 4th off-shell scalar fluctuation mode, which was missing
in [1]. Thus all 10 off-shell metric fluctuation modes for the most general metric fluctuations are
realized, and the model is certainly rich enough for a realistic theory of gravity. That theory
would clearly deviate from GR at cosmic scale, since the FLRW background solution is not Ricci
flat, but requires no stabilization by matter (or energy) and no fine-tuning.
Finally, it should be stressed that even though the model is intrinsically noncommutative, it
should be viewed in the spirit of almost-local and almost-classical field theory. Space-time arises
as a condensation of matrices rather than some non-local holographic image, with dynamical local
fluctuations described by an effective field theory.
The paper is meant to be as self-contained and compact as possible. We start with a lightning
introduction to the M3,1n space-time under consideration, and elaborate only the specific modes
and aspects needed to obtain the Schwarzschild solution. For some results we have to refer to [1],
but the essential new computations are mostly spelled out. For the skeptical reader, some of the
missing steps may be uncovered from the file in the arXive.
2 Quantum FLRW space-time M3,1n
The quantum space-time under consideration is based on a particular representation Hn of
SO(4, 2), which is a lowest weight unitary irreps Hn in the short discrete series known as minireps
or doubletons [21, 22]. Those are the unique irreps which remain irreducible under the restric-
tion to SO(4, 1) ⊂ SO(4, 2). We denote the generators in this representation by Mab, which are
Hermitian operators satisfying
[Mab,Mcd] = i (ηacMbd − ηadMbc − ηbcMad + ηbdMac) (2.1)
where ηab = diag(−1, 1, 1, 1, 1,−1) be the invariant metric of SO(4, 2). We then define
Xµ := rMµ5, X4 := rM45
Tµ := R−1Mµ4 µ, ν = 0, . . . , 3 . (2.2)
Then the Xa transform as vector operators under SO(4, 1), while the Tµ are vector operators
under SO(3, 1) ⊂ SO(4, 1). The SO(3, 1)-invariant fuzzy or quantum space-time M3,1n is then
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Figure 1: Sketch of the projection Π from H4 to M3,1 with Minkowski signature.
defined through the algebra of functions φ(Xµ) generated by the Xµ for µ = 0, 1, 2, 3. The
commutation relations (2.1) imply
[Xµ, Xν ] = −i r2Mµν =: iΘµν , (2.3a)
[Tµ, Xν ] = i
1
R
ηµνX4 , (2.3b)
[Tµ, T ν ] = − i
r2R2
Θµν , (2.3c)
[Tµ, X4] = −i 1
R
Xµ , (2.3d)
[Xµ, X4] = −ir2RTµ , (2.3e)
and the irreducibility of Hn under SO(4, 1) implies the relations [1]
XµX
µ = −R2 −X4X4, R2 = r
2
4
(n2 − 4) (2.4a)
TµT
µ =
1
r2
+
1
r2R2
X4X4, (2.4b)
XµT
µ + TµXµ = 0 . (2.4c)
There are some extra constraints involving Θµν , which will only be given in the semi-classical
version below. Unless otherwise stated, indices will be raised and lowered with ηab or ηµν . Apart
from the extra constraints, the construction is quite close to that of Snyder [23] and Yang [24].
The proper interpretation of this structure is not obvious a priori, due to the extra generators T u
and Θµν . These cannot be dropped, because the full algebra End(Hn) is generated by the Xµ
alone. A proper geometrical understanding is obtained by considering all the generators Mab of
so(4, 2). As explained in [25–27], these are naturally viewed as quantized embedding functions
of a coadjoint orbit mab : CP 1,2 ↪→ so(4, 2) ∼= R15. Here CP 1,2 is a 6-dimensional noncompact
analog of CP 3, which is singled out by the constraints satisfied by mab. Hence the full algebra
End(Hn) can be interpreted as a quantized algebra of functions on CP 1,2, dubbed fuzzy CP 1,2n .
Furthermore, CP 1,2 is naturally a S2 bundle over H4, which is defined by the Xa satisfying
(2.4a). Hence the spaceM3,1 generated by the Xµ ∼ xµ, µ = 0, ..., 3 can be viewed as projection
of H4 ⊂ R4,1 to R3,1 along X4, as sketched in figure 1. This is the space-time of interest here,
which is covariant under SO(3, 1). For similar covariant quantum spaces see e.g. [26,28–32].
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2.1 Semi-classical structure of M3,1
We will mostly restrict ourselves to the semi-classical limit n → ∞ of the above space, working
with commutative functions of xµ ∼ Xµ and tµ ∼ Tµ, but keeping the Poisson or symplectic
structure [., .] ∼ i{., .} encoded in θµν . The constraints (2.4) etc. imply the following relations
xµx
µ = −R2 − x24 = −R2 cosh2(η) , R ∼
r
2
n (2.5a)
tµt
µ = r−2 cosh2(η) , (2.5b)
tµx
µ = 0, (2.5c)
tµθ
µα = − sinh(η)xα, (2.5d)
xµθ
µα = −r2R2 sinh(η)tα, (2.5e)
ηµνθ
µαθνβ = R2r2ηαβ −R2r4tαtβ − r2xαxβ (2.5f)
where µ, α = 0, . . . , 3. Here η is a global time coordinate defined by
x4 = R sinh(η) , (2.6)
which will be related to the scale parameter of the universe (2.23). Clearly the xµ : M3,1 ↪→ R3,1
can be viewed as Cartesian coordinate functions. Similarly, the tµ describe the S2 fiber overM3,1
as discussed above. On the other hand, the relation (2.3b) implies that the derivations
−i[Tµ, .] ∼ {tµ, .} = sinh(η)∂µ (2.7)
act as momentum generators on M3,1, leading to the useful relation
∂µφ = β{tµ, φ}, β = 1
sinh(η)
(2.8)
for φ = φ(x). In particular, a SO(3, 1)-invariant matrix d’Alembertian can be defined as
 := [Tµ, [Tµ, .]] ∼ −{tµ, {tµ, .}} . (2.9)
It acts on any φ ∈ End(H), and will play a central role throughout this paper. We also define a
globally defined time-like vector field
τ := xµ∂µ. (2.10)
To get some insight into the θµν , fix some reference point ξ on M3,1, which using SO(3, 1)
invariance can be chosen as
ξ = (x0, 0, 0, 0), x0 = R cosh(η) . (2.11)
Then (2.5e) provides a relation between the tµ and the θµν generators,
tµ = − 1
Rr2x4
xνθ
νµ ξ= − 1
Rr2
1
tanh(η)
θ0µ , t0
ξ
= 0 . (2.12)
Conversely, the self-duality relation on H4n [33]
abcdeθ
abxc = nrθde (2.13)
5
relates the space-like and the time-like components of θµν on M3,1, and an explicit expression of
θµν in terms of tµ can be derived [1]
θµν = c(xµtν − xνtµ) + bµναβxαtβ (2.14)
with c = r2
sinh(η)
cosh2(η)
and b =
nr3
2R cosh2(η)
. (2.15)
Hyperbolic coordinates. Now consider the adapted hyperbolic coordinates
x0
x1
x2
x3
 = R cosh(η)

cosh(χ)
sinh(χ) sin(θ) cos(ϕ)
sinh(χ) sin(θ) sin(ϕ)
sinh(χ) cos(θ)
 . (2.16)
We will see that η measures the cosmic time, cf. (2.6), while the space-like distance from the
origin on each time slice H3 is measured by χ. Noting that
xµxν
R2 cosh2(η)
dxµdxν = R2 sinh2(η)dη2 (2.17)
we obtain the induced (flat) metric of R3,1 in these coordinates
ds2g = ηµνdx
µdxν = R2
(
− sinh2(η)dη2 + cosh2(η)dΣ2
)
(2.18)
where dΣ2 is the metric on the unit hyperboloid H3,
dΣ2 = dχ2 + sinh2(χ)dΩ2, dΩ2 = dθ2 + sin2(θ)dϕ2 . (2.19)
However, the effective metric in the present framework is a different one, which is also SO(3, 1)
invariant but not flat.
2.2 Effective metric and d’Alembertian
In the matrix model framework considered below, the effective metric on the background M3,1
under consideration is given by [1]
Gµν = αγµν = sinh−1(η)ηµν α =
√
1
ρ˜2|γµν | = sinh
−3(η)
γαβ = ηµνθ
µαθνβ = sinh2(η)ηαβ . (2.20)
This is an SO(3, 1)-invariant FLRW metric with signature (− + ++). Here ρ˜2 is an irrelevant
constant which adjusts the dimensions. There are several ways to obtain this metric. One is by
rewriting the kinetic term in covariant form [1,19]
S[φ] = Tr[Tµ, φ][Tµ, φ] ∼
∫
dx
√
|G|Gµν∂µφ∂νφ , (2.21)
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and another way is given below by showing (2.26). Using (2.18), this metric can be written as
ds2G = Gµνdx
µdxν = −R2 sinh3(η)dη2 +R2 sinh(η) cosh2(η) dΣ2
= −dt2 + a2(t)dΣ2 (2.22)
and we can read off the cosmic scale parameter a(t)
a(t)2 = R2 sinh(η) cosh2(η)
t→∞∼ R2 sinh3(η), (2.23)
dt = R sinh(η)
3
2 dη . (2.24)
Hence a(t) ∼ 32 t for late times, and the Hubble rate is decreasing as a˙a ∼ a−5/3. This is related to
the time-like vector field τ (2.10) via
∂
∂η
= tanh(η)τ,
∂
∂t
=
1
R
1√
sinh(η) cosh(η)
τ
t→∞∼ 1
R
βτ . (2.25)
As a consistency check, it is shown in appendix 7.6 that the covariant d’Alembertian G of a
scalar field is indeed given by  up to a factor [19],
−φ = ηαβ{tα, {tβ, φ}} = ηαββ−1(∂αβ−1∂βφ)
= β−2
(
ηαβ∂α∂β − 1
x24
xβ∂β
)
φ
= β−3∇α∂αφ = β−3G (2.26)
where ∇ is the covariant derivative w.r.t. Gµν . In particular, we note the useful formula
∂α∂αφ = β
2
(−+ 1
R2
τ
)
φ . (2.27)
We would like to decompose  into time derivatives τ and the space-like Laplacian ∆(3) on H3
−∆(3)φ = ∇(3)µ ∇(3)µφ = ∂µ(Pµν⊥ ∂νφ) (2.28)
using the time-like and space-like projectors
Pµντ :=
1
xαxα
xµxν , Pµν⊥ := η
µν − Pµντ . (2.29)
After some calculations using (2.8) and the formulas in section 7.2, one obtains
φ =
(
β−2∆(3) +
1
R2
τ +
sinh2(η)
R2 cosh2(η)
(2 + τ)τ
)
φ (2.30)
for scalar fields φ(x). This can be checked e.g. for φ = xα. On the other hand we can use the
above hyperbolic coordinates (2.16), where
Gµν = R
2 sinh(η)diag
(
− sinh2(η), cosh2(η), cosh2(η) sinh2(χ), cosh2(η) sinh2(χ) sin2(θ)
)
(2.31)
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so that
G = − 1√|Gµν |∂µ(
√
|Gµν |Gµν∂ν
)
=
1
R2 sinh3(η) cosh3(η)
∂η
(
cosh3(η)∂ηφ
)
+
1
sinh(η)
∆(3)φ . (2.32)
This reduces indeed to (2.30) using  = β−3G and (2.25). The Laplacian ∆(3) (2.28) on the
space-like H3 reduces for rotationally invariant functions φ(χ) to
∆(3)φ(χ) = − 1
R2 cosh2(η)
1
sinh2(χ)
∂χ
(
sinh2(χ)∂χφ
)
. (2.33)
2.3 Higher spin sectors and filtration
Due to the extra generators tµ, the full algebra of functions decomposes into sectors Cs which
correspond to spin s harmonics on the S2 fiber:
End(Hn) = C = C0 ⊕ C1 ⊕ . . .⊕ Cn with S2|Cs = 2s(s+ 1) (2.34)
Here S2 = 12
∑
a,b<5[Mab, [Mab, ·]]+r−2[Xa, [Xa, ·]] can be viewed as a spin operator2 on H4n [33],
which commutes with . In the semi-classical limit, the Cs are modules over C0, and can be
realized explicitly in terms of totally symmetric traceless space-like rank s tensor fields on M3,1
φ(s) = φµ1...µs(x)t
µ1 ...tµs , φµ1...µsx
µi = 0 (2.35)
due to (2.5). The underlying so(4, 2) structure provides an SO(3, 1) -invariant derivation
Dφ := {x4, φ} = r2R2 1
x4
tµ{tµ, φ} = − 1
x4
xµ{xµ, φ}
= r2R tµ1 . . . tµstµ∇(3)µ φµ1...µs(x) (2.36)
where ∇(3) is the covariant derivative along the space-like H3 ⊂ M3,1. Hence D relates the
different spin sectors in (2.34):
D = D− +D+ : Cs → Cs−1 ⊕ Cs+1, D±φ(s) = [Dφ(s)]s±1 (2.37)
where [.]s denotes the projection to Cs defined through (2.34). For example, Dxµ = r2R tµ and
Dtµ = R−1 xµ. This allows to define a further refinement [1]
C(s,k) := K(s,k)/K(s,k−1), K(s,k) = ker(D−)k+1 ⊂ Cs . (2.38)
Then
D± : C(s,k) → C(s−1,k−1) . (2.39)
In particular, C(s,0) ⊂ Cs is the space of divergence-free traceless space-like rank s tensor fields on
M3,1, while D+Dφ(0) = [tµtν ]2∇µ∂νφ(0) ∈ C(2,2) ⊂ C2 encodes the traceless second derivatives of
the scalar field φ(0). These will play an important role below. Finally, τ is extended to Cs via [1]
sinh(η)(τ + s)φ(s) = xµ{tµ, φ(s)} , (2.40)
which gives (7.13).
2Since local Lorentz invariance is not manifest, the usual notion of spin cannot be used, and S2 is a substitute.
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Averaging. We will need some explicit formulas for the projection [.]0 to C0:
[tµtν ]0 =:
cosh2(η)
3r2
Pµν⊥ , (2.41)
in terms or the projector P⊥ (2.29) on the time-slices H3. This can be viewed as an averaging
over S2. Furthermore, we have [1]
[tαθµν ]0 =
1
3
(
sinh(η)(ηανxµ − ηαµxν) + xβεβ4αµν
)
, (2.42a)
[tµ1 . . . tµ4 ]0 =
3
5
(
[tµ1tµ2 ][tµ3tµ4 ]0 + [t
µ1tµ3 ][tµ2tµ4 ]0 + [t
µ1tµ4 ][tµ2tµ3 ]0
)
.
[tαtβtγ ]1 =
3
5
(
[tαtβ]0t
γ + tα[tβtγ ]0 + t
β[tαtγ ]0
)
. (2.42b)
As an application, one can derive the following formula
{xµ, {xµ, φ}}0 = r
2R2
3
(3− cosh2(η))β2(−+ 1
R2
τ)φ+
r2
3
(2τ + 7)τφ (2.43)
for φ ∈ C0. This could be another natural d’Alembertian onM3,1 which exhibits a transition from
a Euclidean to a Minkowski era, as discussed in [25]. However here the effective d’Alembertian
will be , which respects the spin sectors Cs (2.34).
3 Matrix model and higher-spin gauge theory
Now we return to the noncommutative setting, and define a dynamical model for the fuzzyM3,1
space-time under consideration. We consider a Yang-Mills matrix model with mass term,
S[Y ] =
1
g2
Tr
(
[Y µ, Y ν ][Y µ
′
, Y ν
′
]ηµµ′ηνν′ +
6
R2
Y µY νηµν
)
. (3.1)
This includes in particular the IKKT or IIB matrix model [2] with mass term, which is best suited
for quantization because maximal supersymmetry protects from UV/IR mixing [34]. As observed
in [1], M3,1 is indeed a solution of this model3, through
Y µ = Tµ . (3.2)
Now consider tangential deformations of the above background solution, i.e.
Y µ = Tµ +Aµ , (3.3)
where Aµ ∈ End(Hn) ⊗ C4 is an arbitrary (Hermitian) fluctuation. The Yang-Mills action (3.1)
can be expanded as
S[Y ] = S[T ] + S2[A] +O(A3) , (3.4)
3any other positive mass parameter in (3.1) would of course just result in a trivial rescaling. For negative mass
parameter, Y µ ∼ Xµ would be a solution [25], but the fluctuations are more difficult to analyze.
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and the quadratic fluctuations are governed by
S2[A] = − 2
g2
Tr
(
Aµ
(
D2 − 3
R2
)
Aµ + G (A)2
)
. (3.5)
Here
D2A = (− 2I)A (3.6)
is the vector d’Alembertian, which involves the scalar matrix d’Alembertian  ∼ α−1G on the
M3,1 background (2.9), (2.26) as discussed before, and the intertwiner
I(A)µ = −i[[Y µ, Y ν ],Aν ] = i
r2R2
[Θµν ,Aν ] =: − 1
r2R2
I˜(A)µ (3.7)
using (2.3c). As usual in Yang-Mills theories, A transforms under gauge transformations as
δΛA = −i[Tµ +Aµ,Λ] ∼ {tµ,Λ}+ {Aµ,Λ} (3.8)
for any Λ ∈ C, and the scalar ghost mode
G(A) = −i[Tµ,Aµ] ∼ {tµ,Aµ}, (3.9)
should be removed to get a meaningful theory. This can be achieved by adding a gauge-fixing
term −G(A)2 to the action as well as the corresponding Faddeev-Popov (or BRST) ghost. Then
the quadratic action becomes
S2[A] + Sg.f + Sghost = − 2
g2
Tr
(
Aµ
(
D2 − 3
R2
)
Aµ + 2cc
)
(3.10)
where c denotes the fermionic BRST ghost; see e.g. [35] for more details.
4 Fluctuation modes
All indices will be raised and lowered with ηµν in this section. We should expand the vector modes
into higher spin modes according to (2.34), (2.35)
Aµ = Aµ(x) +Aµα(x) tα +Aµαβ(x) tαtβ + . . . ∈ C0 ⊕ C1 ⊕ C2 ⊕ . . . (4.1)
However these are neither irreducible nor eigenmodes of D2. In [1], three series of spin s eigen-
modes Aµ were found of the form
A(g)µ [φ(s)] = {tµ, φ(s)} ∈ Cs ,
A(+)µ [φ(s)] = {xµ, φ(s)}|Cs+1 ≡ {xµ, φ(s)}+ ∈ Cs+1 ,
A(−)µ [φ(s)] = {xµ, φ(s)}|Cs−1 ≡ {xµ, φ(s)}− ∈ Cs−1
(4.2)
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for any φ(s) ∈ Cs, which satisfy
D2A(g)µ [φ] = A(g)µ
[(
+ 3
R2
)
φ
]
, (4.3)
D2A(+)µ [φ(s)] = A(+)µ
[(
+ 2s+ 5
R2
)
φ(s)
]
, (4.4)
D2A(−)µ [φ(s)] = A(−)µ
[(
+ −2s+ 3
R2
)
φ(s)
]
. (4.5)
We provide in appendix 7.1 a simple new derivation for the last two relations. Hence diagonalizing
D2 is reduced to diagonalizing  on Cs, and we have the on-shell modes (D2 − 3
R2
)A = 0 for
A(+)[φ(s)] for
(
+ 2s+ 2
R2
)
φ(s) = 0 , (4.6)
A(−)[φ(s)] for
(
+ −2s
R2
)
φ(s) = 0 , (4.7)
A(g)[φ(s)] for φ(s) = 0 . (4.8)
Of course A(g) is a pure gauge mode and hence unphysical. Furthermore, the following gauge
fixing identities4 were shown in [1]
{tµ,A(+)µ [φ(s)]} =
s+ 3
R
D+φ(s) , (4.9)
{tµ,A(−)µ [φ(s)]} =
−s+ 2
R
D−φ(s) . (4.10)
In particular for s = 2, A(−)µ [φ(2)] is already gauge fixed5. This will lead to the physical spin 2
metric fluctuations. According to the discussion in section 2.3, they decompose into the modes
A(−)µ [φ(2,0)],A(−)µ [Dφ(1,0)] and A(−)µ [D+Dφ(0)], which we will denote – in slight abuse of language
– as helicity 2, 1 and 0 sectors of the would-be massive spin 2 modes, respectively. We will focus
on the physical helicity 0 or scalar mode, with on-shell condition
A(−)µ [D+Dφ],
(
+ 2
R2
)
φ = 0, φ ∈ C0 (4.11)
due to (7.3). However, one series of spin s (off-shell) eigenmodes Aµ of D2 is still missing, and
was not known up to now. We will find the missing scalar mode in section 4.2, in terms of
A(τ)µ [φ(s)] = xµφ(s) . (4.12)
That ansatz was also considered in [1], where it was shown to satisfy
D2A(τ)µ [φ(s)] = A(τ)µ
[(
+ 7
R2
)
φ(s)
]
+ 2ðµφ(s) (4.13)
{tµ,A(τ)µ [φ(s)]} = sinh(η)
(
4 + s+ τ
)
φ(s) . (4.14)
4As a check, consider e.g. A(−)[φ(1,0)]. It satisfies {tµ,Aµ} = 0 = xµAµ due to (2.36), and (7.45) gives∇µAµ = 0
and I˜(Aµ) = r2Aµ, consistent with (A.33) in [1].
5For s 6= 2 some linear combinations of A(+)µ and A(−)µ must be taken to obtain a gauge-fixed physical solution.
However, this is not our concern here.
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Here ðµ will be defined in (4.23). We will show in the following that A(−)[D+Dφ] provides the
on-shell mode leading to the linearized Schwarzschild metric. Moreover, an ansatz based on A(τ)µ
will give solutions which are equivalent on-shell, but not off-shell.
4.1 Scalar A(−)[D+Dφ] mode
We need the explicit form of A(−)[D+Dφ]. This is quite tedious to work out and delegated to the
appendix 7.5, where we provide an exact expression in (7.32). This simplifies considerably using
the on-shell condition (+ 2
R2
)φ = 0 (4.11), leading to
A(−)µ [D+D+φ] =
2r4
5
(
β(tµ + xµtα∂α)− 1
3r2
θµγ∂γ(τ + 4 + β
2)
)
(τ + 2)φ+ {tµ,Λ} (4.15)
with Λ given in (7.34). This is a reasonable perturbation of the background Y µ = tµ, as long as
φ remains bounded. Remarkably, (4.15) can be rewritten via θµγ∂γφ = A(+)µ[φ] as
A(−)µ [D+D+φ] =
2
5
r2
R
(
D(xµφ′)− R
3
A(+)µ[(τ + 4 + β2)(τ + 2)φ]
)
+ {tµ,Λ}
=
2
5
r2
R
A(S)µ [φ′] + {tµ,Λ′} (4.16)
where A(S)µ [φ′] is the new mode defined in (4.38), with
φ′ = β(τ + 2)φ, Λ′ = Λ +
2
15
r2RD(τ + 4 + β2)(τ + 2)φ . (4.17)
To see this, the identities
β(tµ + xµtα∂α)(τ + 2)φ =
1
r2R
D(xµφ′)
(τ + 4 + β2)(τ + 2)φ = (sinh(η)(τ + 5) + 2β)φ′ (4.18)
and the on-shell equations (
+ 2
R2
(3 + τ − β2))φ′ = 0 (4.19)
Λ′ = 0 (4.20)
are needed, which can be checked using the results of section 7.2. The last form implies that
A(−)µ [D+D+φ] differs from A(S)µ [φ′] by an on-shell pure gauge mode. This means that even though
these are distinct off-shell modes, they become degenerate on-shell, so that there is only one
physical scalar graviton mode. This is essential for a ghost-free theory.
Strictly speaking the form (4.15) collapses for τ = −2. However, its expression in terms of φ′ – or
alternatively the form (4.16) – makes sense also in the limit τ → −2. This is important, because
τ = −2 gives precisely the Ricci-flat quasi-Schwarzschild solution, as discussed in section 5.4.
For completeness we also provide the explicit form of the pure gauge field A(g) corresponding to
(7.34)
A(g)µ[Λ] = {tµ,Λ} = 2
5
r2
(
θµα∂α −R sinh(η)D∂µ
)
(τ + 3)φ . (4.21)
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Gauge fixing. A non-trivial consistency check of (4.15) is obtained by verifying that it satisfies
the gauge-fixing constraint. For the pure gauge contribution, this is
{tµ, {tµ,Λ}} = 2
5
r2RD(τ + 3)φ = 4r
2
5R
Dβ2(2 + τ)φ (4.22)
using (7.12). Together with the relations (7.19), one verifies indeed {tµ,A(−)µ [D+D+φ]} = 0.
4.2 Time-like scalar mode A˜(τ)µ
In this section we will show that a refined ansatz involving A(τ)[φ] provides a further scalar
eigenmode of D2. This will also provide the missing 10th degree of freedom for the off-shell metric
fluctuations. While this is not essential to understand the Schwarzschild solution, it provides
further insights.
First we recall the relation (4.13), which involves the derivation
ðµφ = − 1
r2R2
θµb{xb, φ} = {tµ, βφ}+ 1
R2
xµ
(
− β2 + τ
)
φ, (4.23)
for b = 0, ..., 4 and φ ∈ C0. The second form is obtained noting that
ðµφ = ∂µφ+
1
R2
xµτφ for φ ∈ C0 , (4.24)
and rewriting the first term using ∂µφ = {tµ, βφ} − 1
R2
xµ β2φ. Hence (4.13) can be written as
D2A(τ)µ [φ] = A(τ)µ
[(
+ 1
R2
(
− 2β2 + 2τ + 7
))
φ
]
+ 2{tµ, βφ} . (4.25)
Since the last term is a pure gauge mode, this provides a new eigenmode of D2:
Scalar time-like C0 mode. Combining the above with (4.3), the ansatz
A˜(τ)µ [φ] = A(τ)µ [φ] + {tµ, φ˜} (4.26)
leads to new scalar eigenmode of D2
D2A˜(τ)µ [φ] = λA˜(τ)µ [φ] (4.27)
provided (
+ 1
R2
(− 2β2 + 2τ + 7))φ = λφ
(+ 3
R2
)φ˜+ 2βφ = λφ˜ . (4.28)
The first equation can be solved, and has propagating solutions φ. Then φ˜ is determined by the
second equation, up to solutions of (+ 3
R2
− λ)φ˜ = 0. This 4th eigenmode is needed e.g. for the
off-shell propagator. In particular, A˜(τ)µ [φ] is on-shell, (D2 − 3R2
)
A˜(τ) = 0 for(
+ 2
R2
(
2 + τ − β2))φ = 0
φ˜+ 2βφ = 0 . (4.29)
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However the gauge fixing condition for this mode is very restrictive on-shell,
{tµ, A˜(τ)µ [φ]} = {tµ,A(τ)µ [φ]} −φ˜ =
(
sinh(η)(4 + τ) + 2β
)
φ (4.30)
or
τφ = −(4 + 2β2)φ , (4.31)
which means that φ is decaying in time with a fixed rate. Hence these modes are “frozen” rather
than propagating, which is good because they would otherwise be ghosts. We will see that these
A ∈ C0 modes do not contribute to the linearized metric fluctuations.
Scalar time-like C1 mode. Based on the above mode and using the ladder property (7.4), we
can similarly find a new eigenmode A ∈ C1 with the ansatz
DA˜(τ)µ [φ] = D
(A(τ)µ [φ] + {tµ, φ˜}) = r2Rtµφ+ xµDφ+ 1R{xµ, φ˜}+ {tµ, Dφ˜} . (4.32)
This is an eigenmode of D2 provided A˜(τ)µ is an eigenmode, with shifted eigenvalue
D2(DA˜(τ)µ [φ]) = D(D2 +
2
R2
)A˜(τ)µ [φ] . (4.33)
In particular, D+A˜(τ)µ [φ] is on-shell if (D2 − 1R2 )A˜
(τ)
µ [φ] = 0, which means by (4.28)(
+ 2
R2
(−β2 + τ + 3)
)
φ = 0 (4.34a)
(+ 2
R2
)φ˜+ 2βφ = 0 . (4.34b)
This provides the missing 4th scalar eigenmode in C1. The gauge-fixing condition is
{tµ, DA˜(τ)µ [φ]} = {tµ, r2Rtµφ+ xµDφ}+ {tµ, D{tµ, φ˜}}
= r2Rtµ{tµ, φ}+ 4 sinh(η)Dφ+ xµ{tµ, Dφ}+ 1
R
{tµ, {xµ, φ˜}} −Dφ˜
= sinh(η)Dφ+ 4 sinh(η)Dφ+ sinh(η)(τ + 1)Dφ+
3
R2
Dφ˜−D(+ 2
R2
)φ˜
= D
((
sinh(η)(τ + 5) + 2β
)
φ+
3
R2
φ˜
)
(4.35)
using (4.30), (2.40), (7.13), (2.36) and the on-shell equations (4.34). This implies(
sinh(η)(τ + 5) + 2β
)
φ+
3
R2
φ˜ = f(x4) . (4.36)
For now we set f = 0. Then
φ˜ = −R
2
3
(
sinh(η)(τ + 5) + 2β
)
φ , (4.37)
and one can verify that the equations of motion (4.34b) for φ˜ indeed follow from those of φ,
using the relations in section 7.2. This means that the gauge-fixing condition leading to (4.37) is
14
consistent with the equations of motion, and we have found a physical propagating mode of the
form
A(S)µ [φ] := D
(
A(τ)µ [φ]−
R2
3
{tµ, ( sinh(η)(τ + 5) + 2β)φ}) (4.38)
with φ satisfying (4.34a). On-shell, this coincides precisely with the on-shell eigenmode
A(−)[D+Dφ] (4.16), although off-shell (hence in the propagator) they are distinct modes. In
the quasi-static case τ = −2, this will give the linearized Schwarzschild metric.
5 Scalar metric fluctuation modes
In this section, we elaborate the metric fluctuations arising from the above scalar modes. The
effective metric for functions of M3,1 on a perturbed background Y = T + A can be extracted
from the kinetic term in (2.21), which defines the bi-derivation
γ : C × C → C
(φ, φ′) 7→ {Y α, φ}{Yα, φ′}
(5.1)
up to a conformal factor as discussed in section 2.2. Specializing to φ = xµ, φ′ = xν we obtain
the coordinate form
γµνY = γ
µν + δAγµν + [{Aα, xµ}{Aα, xν}]0 (5.2)
where the linearized contribution is given by
δAγµν := [{tα, xµ}{Aα, xν}]0 + (µ↔ ν) = sinh(η){Aµ, xν}0 + (µ↔ ν) . (5.3)
The projection on C0 ensures that this is the metric for functions on M3,1. We will focus on
the linearized contribution in A in the following. To evaluate this explicitly, it is convenient to
consider the following rescaled graviton mode:
hµν [A] := {Aµ, xν}0 + (µ↔ ν) , h[A] = 2{Aµ, xµ}0 . (5.4)
Clearly only A ∈ C1 can contribute to hµν [A]. Taking into account the conformal factor as
identified in section 2.2, the effective metric Gµν (2.20) is
Gµν = G
µν
+ δGµν
= α
[
γµν + δAγµν − 1
2
ηµν
(
ηαβ δAγαβ
)]
δGµν = β2
(
hµν − 1
2
ηµν h
)
. (5.5)
Here G
µν
= αγµν = βηµν (2.20) is the effective background metric, α = β3 is the conformal factor
arising from the fixed symplectic measure on CP 1,2, and β = sinh(η)−1 (2.8). Equivalently,
Gµν = Gµν − δGµν ,
δGµν = Gµµ′Gνν′δG
µ′ν′ = hµν − 1
2
ηµν h (5.6)
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where hαβ = ηαα′ηββ′h
α′β′ . One has to be very careful in rising and lowering indices, because
there are different metrics in the game. The indices of the effective metric G will always be raised
and lowered with the effective background metric G
µν
, while the indices of hµν and most other
tensorial objects will be raised and lowered with ηµν . In case of ambiguity, we will typically spell
this out. With this convention, we can write the fluctuations of the effective background effective
metric (2.22) as
(Gµν − δGµν)dxµdxν = −dt2 + a2(t)dΣ2 − (hµν − 1
2
ηµν h)dx
µdxν . (5.7)
5.1 Linearized Ricci tensor
To understand the significance of the metric modes, we consider the linearized Ricci tensor
2δRµν(lin)[G] = −∇α∇αδGµν +∇µ∇ρδGνρ +∇ν∇ρδGµρ −∇µ∇νδG (5.8)
for a metric fluctuation δGµν = β2h˜µν with
h˜µν = hµν − 1
2
ηµνh, h˜ = −h (5.9)
around the background G
µν
= βηµν . For simplicity, we will neglect contributions of the order of
the cosmic background curvature. Then we can replace ∇ by ∂ in Cartesian coordinates, and
2Rµν(lin)[G]
η→∞≈ β2
(
− ∂α∂αh˜µν + ∂µ∂ρh˜ρν + ∂ν∂ρh˜ρµ − ∂µ∂ν h˜
)
= β2
(
− ∂α∂α(hµν − 1
2
ηµνh) + ∂µ∂ρh
ρν + ∂ν∂ρh
ρµ
)
(5.10)
neglecting the ∂β terms at late times η →∞, because (7.8)
β−1∂µβ =
β2
R
Gµν
xν
x4
= O(β2). (5.11)
Now we can use the intertwiner relation (6.25) in [1](
+ 2
R2r2
I˜
)
hµν [A] = hµν [D2A] + 2
R2
(
3hµν [A]− ηµνh[A]
)
(5.12)
and the on-shell relation (D2 − 3
R2
)A = 0. We should also drop the contribution from I˜ in the
same approximation, because
φ ∼ − sinh2(η)∂α∂αφ  1
R2r2
I˜(hµν) ∼ x
R2
∂hµν (5.13)
for ∂  1x4 , using (2.27) and {θµα, φ} = r2(xµ∂ν − xν∂µ)φ [1]. Therefore (5.12) reduces to
∂α∂αh
µν ≈ − 1
x24
(9hµν − 2ηµνh)  ∂∂hµν (5.14)
and similarly for the trace. This means that the linearized Ricci tensor reduces to
2Rµν(lin)[G
αβ] = β2
(
∂µ∂ρh
ρν + ∂ν∂ρh
ρµ +O(
∂hµν
x4
)
)
(5.15)
on scales much shorter than the cosmic curvature scale, or for late times i.e. large η.
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5.2 Pure gauge modes
Now consider the metric fluctuation corresponding to the pure gauge fields A(g)[φ], where φ = φ(1)
is a spin 1 field. This has the form (cf. [1])
hµν(g)[φ] := h
µν [A(g)] = −{tµ,A(−)ν [φ]}+ (µ↔ ν) + 1
3
h(g)ηµν , (5.16a)
h(g)[φ] := ηµνh
µν
(g)[φ] =
6
R
D−φ = 6{tµ,A(−)µ[φ]} . (5.16b)
It is not hard to show the following formulas
{tµ, hµν(g)[φ]} = −{φ, xν}− −
2
R
D−{tν , φ} , (5.17)
xνxµh
µν
(g)[φ] = 2R sinh
2(η)D−τφ (5.18)
using (2.36) cf. [1], and in particular
{tµ, hµν(g)[φ(1,0)]} = −
2
R2
A(−)ν [φ] for φ(1,0) = 0
xµh
µν
(g)[φ
(1,0)] = − sinh(η)(τ − 1)A(−)ν [φ] . (5.19)
Taking into account the conformal factor (5.5), the pure gauge contribution to the effective metric
is
δGµν(g) = β
2
(
hµν − 1
2
ηµν h
)
= β2
(
− {tµ,Aν} − {tν ,Aµ} − ηµν {tα,Aα}
)
= −∂µAν − ∂νAµ −Gµν (∂αAα) (5.20)
where Aα = A(−)α[φ] and ∂µ = Gµν∂ν . This formula is valid in Cartesian coordinates, and we
must be very careful with using upper indices, e.g. {tµ, φ} = sinh(η)ηµν∂νφ = sinh2(η)Gµν∂νφ.
Relation with diffeomorphisms. We can rewrite these pure gauge modes as diffeomorphism
modes by comparing with (7.44) on the present FLRW background. This gives
δGµν(g) = ∂
µξν + ∂νξµ − 1
x24
Gµν x · ξ
= ∇µξν +∇νξµ, ξµ = −Aµ (5.21)
using
xαAα = ηαβxα{xβ, φ}− = −x4D−φ
sinh ∂αAα = {tα, {xα, φ}−} = 1
R
D−φ
∂αAα = − 1
x24
x · A (5.22)
where Aα = Aα(−)[φ], using the notation x · A ≡ ηαβxαAβ. Hence the pure gauge metric modes
in the present framework can be identified with diffeomorphisms generated by ξ = −A. This also
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provides a non-trivial consistency check for the correct identification of G. It is easy to check
using (7.45) that these diffeomorphisms satisfy the constraint
∇αξα = − 3
2x24
x · ξ (5.23)
or equivalently
∇α(β3/2ξα) = 0 . (5.24)
Hence they are essentially volume-preserving diffeos up to the factor β3/2, leaving only 3 rather
than 4 diffeomorphism d.o.f., unlike in GR. This reflects the presence of a dynamical scalar metric
degree of freedom, which we will study in detail below.
5.3 Generalities for the A(−) metric modes
Among the A(−)[φ(s)] modes, only the ones with spin s = 2 can contribute to the metric, and
these are in fact physical degrees of freedom as shown in (4.8). The corresponding linearized
metric fluctuation is [1]
hµν(−)[φ] := h
µν [A(−)[φ]] = −2{xµ, {xν , φ}−}− = −2{xν , {xµ, φ}−}−
h(−)[φ] := ηµνh
µν
(−) = −2{xµ, {xµ, φ}−}− = 2D−D−φ (5.25a)
for φ = φ(2). It is not hard to derive the following formulas
{tµ, hµν(−)} = −
2
R
{xν , D−φ}− (5.26a)
{tµ, {tα, h(−)αν }}+ (µ↔ ν) =
2
R2
(
h(g)µν −
1
3
ηµνh
(g)
)
[D−φ] (5.26b)
xµh
µν
(−) = 2x4{xν , D−φ}− (5.26c)
since {tν , φ(2)}0 = 0. Comparing (5.26c) and (5.26a), we obtain
∂µh
µν
(−) = −
1
x24
xµh
µν
(−) (5.27)
or equivalently
∂µ(βh
µν
(−)) = 0 . (5.28)
This looks like a gauge-fixing condition. We can write it in covariant form using the explicit form
of the Christoffel symbols (7.42), (7.43), which gives
∇µhµν = ∂µhµν − 3
2x24
xµh
µν +
1
2x24
xνh . (5.29)
Since the A(−)[φ(2,0)] and the A(−)[φ(2,1)] modes satisfy h = 0, this can be written using (5.27) as
∇µ(β 52hµν(−)[φ(2,j)]) = 0 for j = 0, 1 (5.30)
Since this condition (5.27) is not quite the same as (5.19) for the on-shell pure gauge gravitons,
it follows that the extra 2 on-shell metric fluctuations hµν [A(−)[φ(2,1)]] are in fact physical.
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Linearized Ricci tensor. Using the constraint (5.28) for hµν [A(−)[φ(2)]], it follows from (5.15)
that all these on-shell (would-be massive) spin 2 modes are Ricci-flat up to cosmic scales,
2Rµν(lin) = 0 + O(
∂Gµν
x4
) . (5.31)
This seems to suggest that these modes are exactly massless with only 2 physical degrees of
freedom, but this is not true, as pointed out above. The point is that the hµν contributions from
the would-be helicity 1 and 0 modes are typically dominated by diffeos, which are trivially flat.
However, we will see in the next section that the linearized Schwarzschild solution which arises
from hµν [A(−)[D+Dφ]] is not dominated by diffeos, but a genuine non-trivial Ricci-flat metric.
5.4 Scalar modes A(−)[D+Dφ] and the Schwarzschild metric
Now we work out the explicit metric perturbation arising from the on-shell A(−)[D+Dφ] mode,
which is part of the would-be massless spin 2 multiplet A(−)[φ(2)]. We will see that this includes
a quasi-static Schwarzschild metric, as well as other solutions which might be related to dark
matter. We will use the on-shell condition φ = − 2
R2
φ (4.11) throughout, and focus on the
late-time limit η → ∞. Starting with the explicit form (4.15) for A(−)[D+D+φ], dropping the
pure gauge contribution {tµ,Λ} and using the results of section 7.3, we obtain
5
2r2
hµν [A(2)[D+Dφ]] = hµν[(r2βtµ + r2βxµtα∂α − 1
3
θµγ∂γ(τ + 4)
)
(τ + 2)φ
]
η→∞
=
2
9
r2
(
ηµν(2 + τ)(3 + τ2 + 4τ) +
β2
R2
xµxν(τ2 − 1)
− (xν∂µ + xµ∂ν)(τ2 + 3τ + 2)−R2∂ν∂µ(τ + 4)
)
(τ + 2)φ . (5.32)
Therefore
hµν =
4r4
45
(
(2 + τ)(τ + 3)ηµν +
β2
R2
xµxν(τ − 1)− (xν∂µ + xµ∂ν)(τ + 2)
)
(τ + 1)(τ + 2)φ
− 4r
4
45
R2∂ν∂µ(τ + 4)(τ + 2)φ (5.33)
with trace
h
η→∞
=
4r4
45
(τ + 1)(2τ + 5)(τ + 5)(τ + 2)φ . (5.34)
Then the trace-reversed metric fluctuation h˜µν is
h˜µν = hµν − 1
2
hηµν
=
4r4
45
(
− 1
2
(5τ + 13)ηµν +
β2
R2
xµxν(τ − 1)− (xν∂µ + xµ∂ν)(τ + 2)
)
(τ + 1)(τ + 2)φ
− 4r
4
45
R2∂ν∂µ(τ + 4)(τ + 2)φ . (5.35)
Observe that for τ 6= −2 the term (xν∂µ+xµ∂ν)φ is dominant at late times, since x0 ∼ R cosh(η).
However this is essentially a large diffeomorphism contribution, which can be removed from the
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effective metric fluctuation using (7.48), with the result
h˜µν ∼ 4r
4
45
(1
2
(τ − 1)ηµν + 3 β
2
R2
xµxν(τ + 1)
)
(τ + 1)(τ + 2)φ (5.36)
for large η. Hence
h˜µν dx
µdxν =
2r4R2
45
sinh2(η)
(
dη2(5τ + 7) + dΣ2(τ − 1))(τ + 1)(τ + 2)φ
τ→−2
=
2r4R2
15
sinh2(η)(τ + 2)φ
(
dη2 + dΣ2
)
= −4φ′(dt2 + a(t)2dΣ2) (5.37)
using (2.17) where h˜µν = ηµµ′ηνν′ h˜
µ′ν′ , and using the explicit form (2.22) of the scale parameter
a(t) for large η. Here we define
φ′ := − r
4
30
β(τ + 2)φ (5.38)
as in (4.17) (up to rescaling), which allows to take τ → −2. We will see that this reduces to
the linearized Schwarzschild metric for τ → −2, while for τ 6= −2 it is a distinct metric which
is not Ricci-flat. However for τ 6= −2 the diffeo contribution in (5.35) grows very large at late
times, which may invalidate the linearized approximation as discussed below. Therefore we focus
on τ ≈ −2, which is the most interesting and most reliable case. Then the full perturbed metric
can be written in the form (5.7)
ds2 = (Gµν − δGµν)dxµdxν = (sinh(η)ηµν − h˜µν) dxµdxν
= −dt2 + a(t)2dΣ2 + 4φ′(dt2 + a(t)2dΣ2) . (5.39)
The on-shell condition reduces to ∆(3)φ = 0 for τ = −2 due to (2.30), and in the spherically
symmetric case the Newton potential on a k = −1 geometry is recovered (7.65), with
φ =
e−χ
sinh(χ)
1
cosh2(η)
∼ 1
ρ
e−χ−2η , ρ = sinh(χ) . (5.40)
Strictly speaking we should use φ′ rather than φ in the (τ + 2)φ = 0 case. Then the quasi-static
condition becomes (τ + 3 + β2)φ′ = 0, and the on-shell condition (4.19) is (∆(3) − 4β4)φ′ = 0.
However the β2 contributions can be dropped in the large η limit giving again ∆(3)φ′ = 0, so that
φ′ ∼ 1
ρ
e−χ−3η ∼ e
−χ
ρ
1
a(t)2
(5.41)
for large η, using (2.25) and recalling a(t) ∼ e− 32η (2.23). This metric is very close to the
Vittie solution [36] for the Schwarzschild metric for a point mass M in a FRW spacetime, whose
linearization for k = −1 is given by
ds2 = −dt2 + a(t)2dΣ2 + 4µ(dt2 + a(t)2dΣ2) +O(µ2) . (5.42)
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Here
µ = µ(t, χ) =
M
2ρ
1
a(t)
(5.43)
is the mass parameter, which is not constant but decays during the cosmic expansion; this is as it
should be, because local gravitational systems do not participate in the expansion of the universe.
Comparing with (5.41) we have
φ′ ∼ µ(t, χ) e
−χ
a(t)
. (5.44)
Since µ (5.43) looks like a constant mass for a comoving observer [36], the effective mass param-
eter in our solution effectively decreases like a(t)−1 during the cosmic evolution. This might be
interpreted in terms of a time-dependent Newton constant, although this a bit premature since
we have not properly investigated the coupling to matter, and quantum effects may modify the
result. Nevertheless, the result is suggestive. Also, while both metrics have the characteristic 1ρ
dependence of the Newton potential, our solution has an extra e−χ factor, which reduces its range
at space-like curvature scales. Both effects are irrelevant at solar system scales, but they will be
important for cosmological considerations, reducing the gravitational attraction at long scales.
For completeness, we also recall the linearized Schwarzschild solution in isotropic coordinates
ds2 = −(1−
M
2r )
2
(1 + M2r )
2
dt2 + (1 +
M
2r
)4(dx2 + dx2 + dz2)
= ηµνdx
µdxν +
2M
r
dx20 +
2M
r
(dx2 + dx2 + dz2) +O(
1
r2
) . (5.45)
(5.42) reduces to this metric for a local comoving observer for large a(t), while we obtained an
extra factor 1a(t) in the effective mass.
Let us discuss the consistency and significance of these results. The most striking point is that
even though the metric (5.36) is Ricci-flat for τ = −2, for other values of τ it is not. This seems to
contradict the general result (5.31) for the linearized Ricci tensor, which should always vanish at
scales shorter than the background curvature i.e. for large η. The resolution of this puzzle lies in
the diffeo contributions (x∂ + x∂) in (5.35), which were eliminated by a change of coordinates in
(5.36). The point is that for τ 6= −2, this term becomes very large for large η as x0 ∼ R cosh(η),
and completely dominates the other, non-trivial contributions to h˜µν . But the Ricci-tensor for
a diffeo contribution vanishes trivially, leading to (5.31). In other words, if the first terms in
(5.35) are non-trivial, they are dominated by the (x∂+x∂) term, so that for large η the linearized
approximation becomes invalid6, unless τ ≈ −2. Then the effective metric fluctuation (5.3) must
be completed by the non-linear contribution, which will be discussed briefly below.
In contrast for τ ≈ −2, the pure gauge contribution in (5.35) vanishes, hence our Schwarzschild-
like solution is fully justified.
A similar issue may arise for the would-be helicity 1 modes A(−)[φ(2,1)], but not for the helicity-2
gravitons A(−)[φ(2,0)], because there are no helicity 2 pure gauge contributions. Therefore these
are indeed Ricci-flat and non-trivial, as stated in [1].
6Recall that (4.15) also contains large pure gauge contributions {tµ,Λ} which were discarded. This was justified,
because these are exact gauge symmetries of the matrix model. In contrast, the above (x∂ + x∂) terms are diffeos
which are presumably not part of the 3 diffeo modes in the present framework, due to the constraint (5.24).
Therefore this is an approximation whose validity needs to be checked carefully.
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One might worry that the restriction to τ = −2 of the Schwarzschild solution is too rigid for
real physical systems such as the solar system. However, systems with non-uniform motion lead
to dynamical metric perturbations corresponding to physical spin 2 gravitons, which are realized
here by the A(−)[φ(2,0)] modes. Therefore there should not be an obstacle to obtain dynamical
Ricci-flat metric perturbations as a combination of A(−)[D+Dφ(0)] and A(−)[φ(2,0)] modes.
Interpretation and physical significance. We found that the scalar on-shell modes provide
a Ricci-flat metric perturbation only for the specific quasi-static time-dependence τ ≈ −2. Indeed
it should be expected that a dynamical scalar metric mode, which does not exist in GR, is
not Ricci-flat in general. From a GR point of view, such non-Ricci-flat perturbations would
be interpreted as dark matter. Nevertheless, there better be a reason why in typical situations
such as the solar system, such non-Ricci-flat deformations are suppressed. Strictly speaking this
question can only be settled once the coupling of matter to the various modes is properly taken
into account. Quantum effects may also be important here, because they typically lead to an
induced Einstein-Hilbert term [1], which would distinguish Ricci-flat and -non-flat solutions.
However heuristically, we can give a classical mechanism which achieves that effect at the non-
linear level as follows. For scalar modes with large diffeo contribution in (5.35), the linearized
metric (5.3) must be replaced by the full non-linear expression (5.2). Then the large would-be
diffeo contribution no longer decouples from a conserved Tµν , but strongly couples to matter7.
But if this large contribution governs the dynamics, the first two terms in (5.35) are effectively
suppressed, and this suppression is stronger for shorter wavelengths due to the derivatives. On
the other hand A becomes small sufficiently far from matter, so that the linearized treatment
will suffice. Then the large contribution is indeed a flat diffeo, while the sub-leading non-Ricci-
flat contribution in (5.36) is strongly suppressed. This does not apply to the Ricci-flat τ = −2
contribution since the diffeo vanishes, and we conclude that the non-Ricci-flat contributions are
strongly suppressed, as desired.
For very long wavelengths, this suppression mechanism becomes weak, so that some non-Ricci-flat
perturbations with very long - possibly galactic - wavelengths are expected. This would then be
interpreted as dark matter from a GR point of view. Moreover, the suppression mechanism is
weaker in the earlier Universe, which might explain why dark matter seems to be more abundant
in older galaxies [37].
This non-linear effect is somewhat reminiscent of the vDVZ discontinuity in massive gravity and
its resolution through the Vainshtein mechanism [20]. Indeed, the present modes arise precisely
from would-be massive spin 2 modes, albeit the details are different.
A time dependence ∼ a(t)−1 of the Newton constant seems to be somewhat large in view of recent
estimates [38,39]. However, we have not properly taken into account the coupling to matter, and
the underlying FLRW cosmology is non-standard. Including an induced Einstein-Hilbert action
in the quantum effective action could also significantly affect the result. These issues need to be
understood before solid predictions can be made.
Finally, we note that the case τ = −1 is also special. After suitable rescaling this leads to
h˜µν ∼ ηµν , hence to a modification of the cosmological evolution a(t) for φ ∼ e−η. A similar
modification may arise from f 6= 0 in (4.36). This shows that modifications of the cosmic evolution
are possible, but again this needs to be studied in more detail.
7These are not expected to be exact gauge symmetries of the model, since there are only 3 pure gauge d.o.f.
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Pure gauge contribution and checks. An instructive check can be obtained by computing
the metric fluctuation arising from the pure gauge term (4.21):
hµν =
2
5
r2hµν [θµα∂α(τ + 3)φ] − 2
5
r4R2hµν [sinh(η)tα∂α∂µ(τ + 3)φ]
η→∞
=
4
15
r4
(
− τηµν + 1
R2
β2xµxν −R2 sinh2(η)∂µ∂ν + (xν∂µ + xµ∂ν)
)
(τ + 3)(τ + 2)φ
using (7.18), with trace
h = −12
15
(τ + 1)(τ + 2)(τ + 3)r4φ (5.46)
consistent with (5.16b). Then the trace-reversed pure gauge metric fluctuation is
h˜µν = hµν − 1
2
hηµν
=
4r4
15
(1
2
(τ + 3)ηµν +
1
R2
β2xµxν −R2 sinh2(η)∂µ∂ν + (xν∂µ + xµ∂ν)
)
(τ + 3)(τ + 2)φ
(5.47)
and one can check using the results in section 7.6 that this is indeed a diffeomorphism on the
FLRW background.
Various other non-trivial checks were performed for the combined and the pure gauge contribu-
tions, comparing the trace h and the time component xµxνh
µν with the general formulas (5.18)
and (5.25a) and (7.27). All tests work out, so that we can be very confident that the above
expressions for the metric fluctuations are correct.
5.5 Unphysical scalar A(+) modes.
Among the A(+)[φ(s)] modes, only the scalar mode A(+)[φ(0)] contributes to the linearized metric.
Even though it is unphysical because it does not satisfy the gauge-fixing constraint, we give its
metric contribution for completeness:
hµν(+)[φ
(0)] = −{xµ, {xν , φ(0)}+}− + (µ↔ ν)
= −2[θµαθνβ ]0∂α∂βφ−
(
{xµ, θνβ}∂β + {xν , θµβ}∂β
)
φ(0)
= −2r
2R2
3
(
PµνPαβ − PµβP να
)
∂α∂βφ
(0) − ({xµ, θνβ}∂β + {xν , θµβ}∂β)φ(0)
=
2r2R2
3
(
∂µ∂ν − (ηµν +R−2xµxν)β2(−+ 1
R2
τ)
)
φ(0)
− 2
3
r2ηµν(τ + 2)τφ(0) +
1
3
r2(xν∂µ + xµ∂ν)(1 + 2τ)φ(0) . (5.48a)
This is part of the DA˜(τ) (4.32) mode. As a check, we recover (2.43) by taking the trace.
To summarize, theA(−)[φ(2)],A(g)[φ(1)],A(+)[φ(0)] andDA˜(τ)µ [φ] modes provide all 5+3+1+1 = 10
off-shell d.o.f. of the most general metric fluctuation. They lead to 5 physical on-shell modes
comprising 2 graviton modes from A(−)[φ(2,0)], one scalar mode A(−)[D+Dφ(0)], and presumably
2 helicity 1 modes A(−)[φ(2,1)].
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6 Summary and conclusions
We have studied in detail the scalar fluctuations of the FLRW quantum space-time solutionM3,1
of Yang-Mills matrix models, based on the general results in [1]. In particular, we recovered the
quasi-static linearized Schwarzschild metric as a solution, which arises from the scalar sector of the
physical would-be massive spin 2 modes. Quasi-static indicates that the corresponding effective
mass is found to decrease slowly during the cosmic evolution.
It is very remarkable that the linearized Schwarzschild solution can be obtained within the frame-
work of Yang-Mills matrix models, as we have shown. Along with the propagating spin 2 graviton
modes found in [1], this strongly supports the claim that 3+1-dimensional gravity can emerge
from the matrix model framework without compactification, in particular for the IKKT or IIB
model [2]. The mechanism is very simple in the spirit of noncommutative but almost-local field
theory, by considering fluctuations around a background solution.
The present result is tied to the specific structure of the background solution, which is a twisted
S2 bundle over space-time, leading to a tower of higher-spin modes. It does not seem to work
e.g. on simpler Moyal-Weyl type backgrounds, where the linearized modes only lead to restricted
metric fluctuations, which includes some Ricci-flat metrics [17–19] but not enough.
An important issue is (local) Lorentz invariance, which is only partially manifest in the present
framework. This leads to a different organization of modes in terms of the space-like SO(3, 1)
isometry group. For example, the 5 modes of a generic spin 2 irrep decompose into 2 + 2 + 1
modes of φ(2,i) as in (2.38). This is best understood in space-like gauge, somewhat reminiscent of
helicity modes. This structure is indicated by the name “would-be massive” modes. Nevertheless,
Lorentz-invariance appears to be largely respected, presumably due to the large underlying gauge
invariance. In particular, the propagation of all physical modes is governed by the same effective
metric.
Aside from the higher spin modes, the present model includes extra on-shell metric modes beyond
those of GR. This is not surprising, since the gauge invariance of the metric sector is reduced to
3 rather than 4 diffeomorphism d.o.f. We studied in detail the extra scalar modes, which arise
from the would-be helicity zero sector of A(−)[φ(2)]. Those are in general not Ricci-flat, but their
proper treatment is quite subtle and require non-linear considerations, except (!) for the quasi-
static Schwarzschild case. We propose a heuristic argument why the non-Ricci-flat modes should
be suppressed at the non-linear level, somewhat reminiscent of the Vainshtein mechanism [20].
They may however play a role at very long wavelengths, in the guise of dark matter. Similarly,
there are presumably two more physical modes arising from the would-be helicity 1 gravitons,
which are not studied here, and may also require the non-linear theory.
This leads us to the list of open issues and questions which need to be addressed in future work.
One important step is the inclusion of matter, in order to clarify how matter acts as a source of
metric deformations. This was briefly discussed in [1], but it needs to be studied in detail, and at
the non-linear level in order to clarify the above mechanism. Only then a reliable assessment can
be made whether a satisfactory behavior arises at the classical level, or if quantum effects such
as an induced Einstein-Hilbert action are essential.
Another obvious tasks is to extend the present Schwarzschild solution, and more generally the full
higher spin theory, to the non-linear regime as far as possible. Even though some computations in
the present paper are quite involved, the basic structure of the underlying A(−)[D+Dφ(0)] solution
is very simple and based only on Lie-algebraic structures. This – along with black hole solutions
in higher spin theories [40–42] – leads to the hope that an exact analytic solution can be found,
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not only at the semi-classical level, but also at the fully non-commutative level. These are only
some of many open questions which can be studied using the tools provided here and in [1].
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7 Appendix
7.1 Ladder operators and eigenmodes.
We provide a simpler and more conceptual derivation of the eigenmodes A(±) (4.4), (4.5) found
in [1]. Starting from the observation [Θµν , X4] ∼ i{θµν , x4} = 0 we obtain
I˜(D±(Aµ)} = D±(I˜(Aµ) . (7.1)
Together with the relations [1]
D+φ(s) = D+
(
+ 2s+ 2
R2
)
φ(s) , (7.2)
D−φ(s) = D−
(
− 2s
R2
)
φ(s) (7.3)
we obtain
D2D+A(s) = (+ 2
r2R2
I˜)D+A(s) = (D+(+ 2s+ 2
R2
) +
2
r2R2
D+I˜)A(s)
= D+(D2 + 2s+ 2
R2
)A(s), A(s) ∈ Cs (7.4)
and similarly for D−. Therefore D± are intertwiners for D2 which rise or lower the eigenvalues.
Now observe
D2D+A(g)[φ(s)] = D+(D2 + 2s+ 2
R2
)A(g)[φ(s)] = D+A(g)[(+ 2s+ 5
R2
)φ(s)]
D2A(g)[D+φ(s)] = A(g)[(+ 3
R2
)D+φ(s)] = A(g)[D+(+ 2s+ 5
R2
)φ(s)] . (7.5)
But this implies that A(+)[.] = D+A(g)[.]−A(g)[D+[.]] has the same intertwiner property,
D2A(+)[φ(s)] = A(+)[(+ 2s+ 5
R2
)φ(s)] , (7.6)
and a similar argument based on D−A(g)[.] = A(g)[D−[.]] +A(−)[.] gives
D2A(−)[φ(s)] = A(−)[(+ −2s+ 3
R2
)φ(s)] (7.7)
as desired. These properties originate from the underlying so(4, 2) Lie algebra structure, and
they should apply to the fully noncommutative case as well as the semi-classical Poisson limit.
In particular, the solution A(−)[D+Dφ] underlying the Schwarzschild metric should immediately
extend to the noncommutative setting.
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7.2 Useful relations
From the basic commutation relations (2.3) it is easy to obtain
β−1{xµ, β} = −β{xµ, β−1} = r2βtµ
β−1{tµ, β} = −β{tµ, β−1} = 1
R2
βxµ (7.8)
β−1τβ = −βτβ−1 = −(β2 + 1) . (7.9)
Furthermore, it is not hard to derive
xα = 1
R2
xα
x4 = 4
R2
x4 (7.10)
and
(sinh(η)φ) = sinh(η)
(
+ 2
R2
(τ + 2)
)
φ
βφ = βφ− 2
R2
(τ + 2)βφ (7.11)
τφ = τφ+ 2β2(−+ 1
R2
τ)φ (7.12)
for scalar functions φ ∈ C0. Finally, we note that (2.40) gives
D(τ + s)φ = (τ + s)Dφ,
D+D−τ = τD+D− . (7.13)
7.3 Metric fluctuations from A contributions
In this section we obtain the metric fluctuations hµν [A] (5.4) arising from the various terms in the
tangential perturbations A. We will use the averaging formulas (2.42) and the on-shell relation
φ = − 2
R2
φ throughout, as well as
∂α∂αφ = β
2(−+ 1
R2
τ) =
β2
R2
(2 + τ)φ (7.14)
using (2.27).
Consider first Aµ = θµν∂νφ. Then
hµν = −{xµ,Aν}0 + (µ↔ ν) = −{xµ, θνα∂αφ}+ (µ↔ ν)
= −[θναθµβ]0∂α∂βφ− {xµ, θνα}∂αφ+ (µ↔ ν)
=
r2
3
(
− 2(β2 + τ)(τ + 2)ηµν − 2β
2
R2
xµxν(2 + τ) + (xν∂µ + xµ∂ν)(2τ + 1) + 2R2∂ν∂µ
)
φ
(7.15)
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using (2.27) and the on-shell condition. Next consider Aµ = βtµφ. Then
hµν = −{xµ,Aν}0 + (µ↔ ν) = −{xµ, βtνφ}− + (µ↔ ν)
= sinh ηµνβφ− [tνθµα]0∂α(βφ) + (µ↔ ν)
=
2
3
ηµν(2 + τ − β2)φ− 2
3
β2
R2
xµxνφ− 1
3
(xµ∂ν + xν∂µ)φ . (7.16)
For Aµ = βxµtα∂αφ = βr2RxµDφ, we obtain
hµν = −{xµ,Aν}0 + (µ↔ ν) = −{xµ, βxνtα∂αφ}0 + (µ↔ ν)
= xν∂µφ− xν [tα{xµ, β}]0∂αφ− βxν [tαθµσ∂σ∂αφ]0 + (µ↔ ν)
= −4
3
β2
R2
xνxµ(1 + τ)φ+
1
3
(1 + τ − β2)(xν∂µ + xµ∂ν) (7.17)
using (7.8). Again the trace provides some check. Finally, for Aµ = sinh(η)tα∂α∂µφ we obtain
hµν = −{xµ,Aν}0 + (µ↔ ν) = −{xµ, sinh(η)tα∂α∂νφ}+ (µ↔ ν)
= r2[tµtα]0∂α∂νφ+ sinh
2(η)∂µ∂νφ− sinh(η)[tαθµγ ]0∂γ∂α∂νφ+ (µ↔ ν)
=
2
3
sinh2(η)∂µ∂ν(2 + τ)φ− 1
R2
(xµ∂ν + x
ν∂µ)φ− 4
3R4
β2xµxµ(2 + τ)φ (7.18)
usng the on-shell relation. We also note the relations
{tµ, βtµ(τ + 2)φ} = tµ∂µ(τ + 2)φ
{tµ, βxµtα∂α(τ + 2)φ} = tα∂α(τ + 3− β2)(τ + 2)φ
{tν , θνα∂α(τ + 2)φ} = 3r2tα∂α(τ + 2)φ (7.19)
due to tα∂αβ = 0, which are used to check gauge invariance.
7.4 DD operator on scalar fields
Let φ ∈ C0. The explicit formula (2.36) for D gives
DDφ = r4R2tµtν∇(3)µ ∇(3)ν φ
DDDDφ = r8R4tµtνtρtσ∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ (7.20)
where ∇(3) is the covariant derivative along the space-like H3. In particular,
D−D+φ = r4R2[tµtν ]0∇(3)µ ∇(3)ν φ =
r2R2
3
cosh2(η)Pµν⊥ ∇(3)µ ∇(3)ν φ
= −r
2R2
3
cosh2(η)∆(3)φ (7.21)
where ∆(3) = −∇(3)µ∇(3)µ is the covariant Laplacian on H3. Note that both expressions are
SO(3, 1)-invariant second order differential operators. The averaging is given in terms of the
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projector P⊥ on H3 in (2.41). Now we compute
[DDDDφ]0 = r
8R4[tµtνtρtσ]0∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ
=
3
5
r8R4
(
[tµtν ][tρtσ]0 + [t
µtρ][tνtσ]0 + [t
µtσ][tνtρ]0
)∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ
=
cosh4(η)
15
R4r4
(
PµνH P
ρσ
⊥ + P
µρ
⊥ P
νσ
⊥ + P
µσ
⊥ P
νρ
⊥
)∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ
= R4r4
cosh4(η)
5
(
∆(3) +
4
3
1
R2 cosh2(η)
)
∆(3)φ (7.22)
where Pµν⊥ = g
µν
(3) is the tangential induced metric on H
3 which satisfies ∇(3)Pµσ⊥ = 0. The
individual terms are given by
PµνH P
ρσ
⊥ ∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ = ∆(3)∆(3)φ
Pµρ⊥ P
νσ
⊥ ∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ = ∆(3)∆(3)φ+∇(3)µ (Rµα(3)∂(3)α φ)
= Pµσ⊥ P
νρ
⊥ ∇(3)µ ∇(3)ν ∇(3)ρ ∇(3)σ φ (7.23)
where
Rµα(3) =
1
3
Pµν⊥ R(3), R(3) = −
6
R2 cosh2(η)
(7.24)
are the Ricci tensor and scalar on H3. Combining these, we obtain
D−D−D+D+φ = [DDDDφ]0 −D−D+D−D+φ
=
4
15
R4r4 cosh4(η)
(1
3
∆(3) +
1
R2 cosh2(η)
)
∆(3)φ . (7.25)
Note that this vanishes for xµ, consistent with D−D−D+D+xµ = 0. Now we apply this to on-shell
solution with
(
+ 2
R2
)
φ = 0. Then (2.30) gives
cosh2(η)∆(3)g φ = −
1
R2
(1 + τ + β2)(2 + τ)φ (7.26)
so that
1
2
h = D−D−D+D+φ η→∞∼ − 4
45
r4(1− 3τ − τ2)(τ + 1)(τ + 2)φ . (7.27)
This can be used as a consistency check for the computation of the trace h in section 5.4.
7.5 Evaluation of A(−)[D+Dφ]
To find the corresponding metric fluctuation mode, we need to elaborate the fluctuation mode
A(−)µ explicitly. For φ ∈ C0, we have
DDφ = r4R2tαtβ∂α∂βφ− r2R 1
x4
tαθ
αβ∂βφ
= r4R2tαtβ∂α∂βφ+ r
2τφ (7.28)
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hence
{xµ, DDφ}1 = r4R2{xµ, tαtβ∂α∂βφ}1 + r2{xµ, τφ}
= 2r4R2tα{xµ, tβ}∂α∂βφ+ r4R2[tαtβθµγ ]1∂γ(∂α∂βφ) + r2θµν∂ντφ
= −2r4Rx4tα∂α∂µφ+ 3
5
r4R2
(
2tα[tβθµγ ]1 + [t
αtβ]0θ
µγ
)
∂γ(∂α∂βφ) + r
2θµν∂ντφ
= −2r4R2{tµ, tα∂αφ} − 2r2θµα∂αφ+ 1
5
r2R2 cosh2(η)θµγ∂γ(∂
α∂αφ) +
1
5
r2θµγxαxβ∂γ(∂α∂βφ)
+ r2θµν∂ντφ+
2
5
r4R2tα sinh(η)
(
xµ∂α
(− β2+ R2
sinh2(η)
τ
)
φ− xγ∂γ(∂µ∂αφ)
)
(7.29)
using the averaging formulas (2.42), (2.42b) and (2.27). The first term is pure gauge, and the last
term can be rewritten as
tα sinh(η)xγ∂γ∂µ∂αφ = {tµ, tα∂α(τ − 2)φ}+ 1
r2R2
θµα∂α((τ − 2)φ) (7.30)
using τ∂ = ∂(τ − 1). Further,
xαxβ∂γ(∂α∂βφ) = ∂γ((τ − 1)(τ − 2)φ) . (7.31)
Therefore
{xµ, DDφ}1 = −2r2θµα∂αφ+ 1
5
r2R2 cosh2(η)θµγ∂γ(∂
α∂αφ) +
1
5
r2θµγxαxβ∂γ(∂α∂βφ)
+ r2θµν∂ντφ+ {tµ,Λ}
+
2
5
r4R2xµ sinh(η)tα∂α
(− β2+ 1
R2 sinh2(η)
τ
)
φ− 2
5
r4R2
1
r2R2
θµα∂α((τ − 2)φ)
= −2
5
r4R2β3 cosh2(η)tµ
(
− 1
R2
τ
)
φ− 1
5
r2R2
cosh2(η)
sinh2(η)
θµγ∂γ
(
− 1
R2
τ
)
φ
− 2
5
r4R2xµ
1
sinh(η)
tα∂α(− 1
R2
τ)φ+
r2
5
θµγ∂γ(τ
2 − 4)φ+ {tµ,Λ} (7.32)
using
θµγ∂γβ
2 = 2β3r2tµ (7.33)
where
Λ = −2
5
r2RD((τ + 3)φ) . (7.34)
Degenerate case. In the special case
(
− 1
R2
τ
)
φ = 0, we obtain
{xµ, DDφ}1 = r
2
5
θµγ∂γ(τ
2 − 4)φ+ {tµ,Λ} = r
2
5
{xµ, (τ2 − 4)φ}+ {tµ,Λ} (7.35)
i.e. there is a linear dependence between the A(±) modes. Imposing also the on-shell condition
would imply (2+τ)φ = 0. We will see that then A(−)[D+Dφ] vanishes, but a non-trivial mode can
be extracted by taking a suitable limit, which corresponds precisely to the Schwarzschild solution.
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On-shell condition. Now consider on-shell solutions, so that φ = − 2
R2
φ. Then (7.32) be-
comes
{xµ, DDφ}1 = 2
5
r4β(1 + β2)tµ
(
2 + τ
)
φ+
1
5
r2(1 + β2)θµγ∂γ
(
2 + τ
)
φ
+
2
5
r4βxµtα∂α(2 + τ)φ+
r2
5
θµγ∂γ(τ
2 − 4)φ+ {tµ,Λ} . (7.36)
But in fact we need
A(−)µ [D+D+φ] = {xµ, DDφ}1 −A(+)µ [D−Dφ] (7.37)
where
A(+)µ [D−D+φ] = θµν∂ν(D−D+φ) =
r2
3
θµν∂ν(β
2 + τ + 1)(2 + τ)φ (7.38)
on-shell, using (7.21) and (7.26). Combining with the above and using
−r2θµγ(∂γβ2)(τ + 2)φ = −2r4tµβ3(τ + 2)φ (7.39)
one finds the on-shell form
A(−)µ [D+D+φ] =
2r4
5
(
β(tµ + xµtα∂α)− 1
3r2
θµγ∂γ(τ + 4 + β
2)
)
(τ + 2)φ+ {tµ,Λ} . (7.40)
7.6 Background FLRW geometry and covariant derivatives
The effective FLWR metric (2.20) is conformally flat,
Gµν = βηµν , β =
1
sinh(η)
. (7.41)
Then the Christoffel symbols are
Γρµν = −
1
2x24
(δρνηµαx
α + δρµηναx
α − ηµνxρ)
= − 1
2R2
β3(δρνGµαx
α + δρµGναx
α −Gµνxρ) (7.42)
so that
Γρ = GµνΓρµν =
R
x34
xρ, Γµµν = −
1
2x24
ηναx
α (7.43)
using (7.9). Note that Γρµν is suppressed by the cosmic curvature scale. For example, the pure
gauge metric perturbations arising from diffeomorphisms generated by ξµ are given by
δξG
µν = ∇µξν +∇νξµ = ∂µξν + ∂νξµ − 1
x24
Gνµx · ξ . (7.44)
As an application, the divergence of a vector field can be expressed as follows
∇µAµ = ∂µAµ + ΓµµνAν = ∂µAµ −
1
2x24
xαηανAν . (7.45)
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Diffeomorphisms and standard form on the FRW background. The terms (xµ∂ν +
xν∂µ)φ and ∂µ∂νφ in the expression (5.35) for h˜µν can be eliminated by a suitable diffeomorphism.
Since (xµ∂ν +xν∂µ)φ becomes large at late times, one must be careful to use the proper covariant
derivatives. For example, consider the following vector fields on the FRW background
ξµ = xµβφ . (7.46)
Then
∇µξν +∇νξµ = Gµµ′∂µ′(xνβφ) + (µ↔ ν)− 1
x24
βGνµx · xφ
= (2 +
cosh2
sinh2
)βφGµν + (xνGµµ
′
∂µ′β + ...)φ+ β(x
νGµµ
′
∂µ′ + ...)φ
η→∞
= β2
(
3φηµν + 2xνxµ
β2
R2
φ+ (xνηµα∂α + x
µηνα∂α)φ
)
. (7.47)
Hence
β2(xνηµα∂α + x
µηνα∂α)φ ∼ −β2
(
3ηµν + 2xνxµ
β2
R2
)
φ (7.48)
where ∼ indicates equivalence up to diffeos.
Next, consider the following vector fields
ξµ = xµφ . (7.49)
Then
∇µξν +∇νξµ = ∂µ(xνφ) + (µ↔ ν)− 1
x24
Gνµx · xφ
η→∞
= β
(
3φηµν + (xνηµα∂α + x
µηνα∂α)φ
)
(7.50)
hence
β(xµ∂ν + xν∂µ)φ ∼ −3βηµνφ . (7.51)
Finally, consider
ξµ = β−1ηµν∂νφ . (7.52)
Then
∇µξν +∇νξµ = ∂µ(β−1ηνα∂αφ) + (µ↔ ν)− 1
x24
β−1Gνµτφ
= 2ηµµ
′
ηνν
′
∂µ′∂ν′φ− 1
R2
β2(xµηνν
′
∂ν′ + x
νηµµ
′
∂µ′)φ− 1
x24
ηνµτφ . (7.53)
The second term can be rewritten using (7.48), and therefore
R2ηµµ
′
ηνν
′
∂µ′∂ν′φ ∼ −β2
(1
2
(3− τ)ηµν + xνxµ β
2
R2
)
φ . (7.54)
One can check with these results that the pure gauge contribution (5.47) is indeed a diffeomor-
phism.
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7.7 Massless scalar fields (+ 2
R2
)φ = 0
Using (2.32), the on-shell relation can be written for rotationally invariant φ(η, χ) in the form
0 = (+ 2
R2
)φ = sinh(η)3Gφ+
2
R2
φ
=
tanh2(η)
R2
( 1
sinh2(η) cosh(η)
∂η
(
cosh3(η)∂η
)
+ 2
cosh2(η)
sinh2(η)
+R2 cosh2(η)∆(3)
)
φ . (7.55)
We make a separation ansatz
φ(η, χ) = f(η)g(χ) . (7.56)
Then the eom becomes
1
sinh(η)2 cosh(η)
1
f
∂η
(
cosh3(η)∂ηf
)
+ 2
cosh2(η)
sinh(η)2
= −R2 cosh2(η)∆(3)g g . (7.57)
The factor cosh2(η) in front of ∆
(3)
g drops out, see (2.33), which leads to two equations
−R2 cosh2(η)∆(3)g g = c g (7.58)
1
sinh(η)2 cosh(η)
∂η
(
cosh3(η)∂ηf
)
+ 2
cosh2(η)
sinh2(η)
f = c f (7.59)
where c = const.
Space-like harmonics. Consider first the space-like equation (7.58). For rotationally invariant
functions φ(χ), this reduces using (2.33) to
1
sinh2(χ)
∂χ
(
sinh2(χ)∂χg
)
= c g . (7.60)
The general solution is
g(χ) =
(
c1e
−√1+cχ + c2e
√
1+cχ
) 1
sinh(χ)
. (7.61)
For (1 + c) > 0, there is at least one solution which is decreasing for χ→∞. For (1 + c) < 0, the
solutions are oscillating in radial direction.
Time dependence. The second equation (7.59) is
cosh2(η)
sinh(η)2
f ′′ + 3
cosh(η)
sinh(η)
f ′ + 2
cosh2(η)
sinh(η)2
f − cf = 0 . (7.62)
Asymptotically, this is
e−3η∂η(e3η∂ηf) = (−2 + c)f
(∂2η + 3∂η + 2− c)f = 0 (7.63)
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which is solved by f = eλη with
λ2 + 3λ+ 2− c = 0
λ1,2 =
1
2
(−3±√1 + 4c) . (7.64)
The most interesting quasi-static Schwarzschild solution arises for τφ = −2φ, which corresponds
to ∆(3)φ = 0 via (2.30) hence to c = 0. Then (7.61) and (7.62) have the exact solutions
g(χ) =
e−χ
sinh(χ)
, f(η) =
1
cosh2(η)
∼ e−2η , (7.65)
where ρ = sinh(χ) (2.19) is the appropriate distance variable on H3. Thus φ = f(η)g(χ) exhibits
the typical 1ρ behavior of the harmonic Newton potential in 3 dimensions, with time dependence
given by f(η) ∼ e−2η. Note that φ(η) remains finite for η → 0, so that the Schwarzschild solution
does not blow up at any time. For c < −14 , this will lead to propagating scalar modes.
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